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Abstract
In this note we propose the exact artificial boundary conditions formula to the fractional
reaction-subdiffusion equation on an unbounded domain. With the application of Laplace
transformation, the exact artificial boundary conditions (ABCs) are derived to reformulate
the original problem on the unbounded domain to an initial-boundary-value problem on the
bounded computational domain. By the Kreiss theory, we prove that the reduced initial-
boundary value problem is stability. Based on the properties of tempered fractional calculus,
we obtain that the reduced initial-boundary value problem is long-time stability.
Keywords: Fractional reaction-subdiffusion equation, Exact artificial boundary conditions,
Stability, Tempered fractional calculus, Stability.
1 Introduction
In the past two decades, the continuous time random walks (CTRWs) model are popular to
describe the movement of anomalous diffusion particles on the mesoscopic level [17, 16]. For
the sub-diffusion particles, with a long tailed waiting time density and with a reduction in
particle concentration deriven by constant per capita linear reaction dynamics, this process can
by described by the following reaction-sub-diffusion equation [18, 11, 12]
∂u(x, t)
∂t
= κγ 0D
1−γ,λ
t
(
uxx
)− λu(x, t), x ∈ R, t > 0, (1)
where κγ is the positive diffusion coefficient, λ is a constant reaction rate and the operator
0D
1−γ,λ
t denotes the Riemann-Liouville tempered fractional derivative [11, 12, 15]
0D
α,λ
t u(t) = e
−λt
0D
α
t
(
eλtu(t)
)
=
e−λt
Γ(1− α)
d
dt
∫ t
0
eλsu(s)
(t− s)γ ds, 0 < α < 1. (2)
Compare with the previous fractional diffusion models, model (1) behaviors many good prop-
erties, such as it preserves the positivity of solution and recovers the reaction kinetic equation
for homogeneous concentrations, for more physical meaning about this model we refer the ref-
erences [18, 11, 12]. The model (1) is derived in infinite domain. To get the exact solution of
model (1), we usual need the assumption on boundary
u→ 0, |x| → ∞. (3)
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However, to numerically solve this model, we need impose proper boundaries on the finite
computing domain. One of powerful tools to overcome the difficulty of unboundedness of the
domain is the artificial boundary methods (ABMs)[9]. The main idea of ABMs is to design
suitable boundary conditions to absorb the waves arriving at artificial boundaries. And it has
been successfully used to solve many kinds of linear and nonlinear partial differential equations
with classical derivatives, see the review papers [2, 10]. So far, few work is reported for the
fractional diffusion equation on unbounded domain due to the non-locality of fractional opera-
tors. In the literature, the exact ABCs are constructed for the one-dimensional time fractional
diffusion equation in [6, 7], and the convergence rate and stability of the finite difference meth-
ods are established. Brunner et al [4] obtained a series of artificial boundary conditions (ABCs)
for two-dimensional time fractional diffusion-wave equation. Ghaffari and Hossein [8] derive the
exact ABCs for sub-diffusion equation by using circle artificial boundaries. Awotunde et al. [3]
obtained ABCs for a modified fraction diffusion problem. Using the similar approach given by
Engquist and Majda, Dea obtains a ABCs for the two-dimensional time-fractional wave equation
in his recent work [5]. It is important that the boundaries are designed such that the reduced
problem is well-posed. In this note, we focus on the stability of model (1) with proper artificial
boundary. By the Laplace transformation, we first propose the exact artificial boundary condi-
tions (ABCs) for model (1). By the Kreiss theory, we prove that the reduced initial-boundary
value problem is stability. Base on the properties of tempered fractional calculus, we obtain
that the reduced initial-boundary value problem is long-time stability.
The rest of the note is organized as follows. In Section 2, we derive of the exact ABCs
for model (1). The original problem on bounded domain with the boundary condition (3) is
reduced an initial-boundary-value problem on a bounded computational domain. In Section 3,
we investigate the stability of the reduced initial-boundary value problem.
2 The exact artificial boundary conditions
We first derive the exact artificial boundary conditions for the fractional reaction-subdiffusion
equation (1) with the boundary condition (3). If we introduce two artificial boundaries xl and
xr, Then the real line R is divided into three parts: Ωl := {x| − ∞ < x < xl}, Ωi := {x|xl <
x < xr}, Ωr := {x|xr < x <∞}. The constants xl, xr are chosen such that sup{u0(x)} ⊂ Ωi.
Denote the exterior domain by Ωe = Ωl ∪ Ωr. Restricting the solution u(x, t) to Ωe, we have
∂u(x, t)
∂t
= κγ 0D
1−γ,λ
t
(
uxx
)− λu(x, t), x ∈ Ωe, t > 0, (4)
u(x, 0) = 0, x ∈ Ωe, (5)
u(x, t)|x=xl = u(xl, t) (6)
u(x, t)|x=xr = u(xr, t), (7)
u→ 0, as |x| → ∞. (8)
To derive artificial boundary conditions, we introduce the Laplace transform of a function f(t)
by
L{f(t); s} = f̂(s) =
∫ +∞
0
e−stf(t)dt, Re(s) > 0, (9)
and the inverse Laplace transform of a function g(s) gives
L−1{g(s); t} = g(t) = 1
2pii
∫ +i∞
−i∞
estg(s)ds, i2 = −1. (10)
Lemma 1 For 0 < α < 1, the Laplace transform of the Riemann-Liouville tempered fractional
derivative [17, 11, 12]
0D
α,λ
t f(t) =
e−λt
Γ(1− α)
d
dt
∫ t
0
eλsf(s)
(t− s)α ds, (11)
2
is given by
L{0Dα,λt f(t); s} = (s+ λ)αf̂(s). (12)
And the Laplace transform of the Caputo tempered fractional derivative [19]
C
0 D
α,λ
t f(t) =
e−λt
Γ(1− α)
∫ t
0
1
(t− s)α
d(eλsf(s))
ds
ds, (13)
is given by
L{C0 D
α,λ
t f(t); s} = (s+ λ)αf̂(s)− (s+ λ)α−1f(0). (14)
Proof. The Laplace transform of the Caputo tempered fractional derivative is directly form
[15]. For the Laplace transform of the Riemann-Liouville tempered fractional derivative, from
reference [15], we have
L{0Dα,λt f(t); s} = (s+ λ)αf̂(s)− (s+ λ)
[
0D
α−1
t (e
λtf(t))
∣∣
t=0
]
. (15)
where 0D
α−1,λ
t denotes the Riemann-Liouville integral operator given as
0D
α−1,λ
t f(t) =
1
Γ(1− α)
∫ t
0
e−λ(t−s)(t− s)−αf(s)ds. (16)
Furthermore, using the fact
lim
t→0
1
Γ(1− α)
∫ t
0
e−λ(t−s)(t− s)−αf(s)ds
= lim
t→0
e−λt
Γ(1− α)
∫ t
0
(t− s)−αf(s)eλsds
= lim
t→0
1
Γ(α)
[
t1−αe−λtf(0) +
∫ t
0
(t− s)1−αe−λ(t−s)[f ′(s) + λf(s)]ds
]
(17)
= 0.
and the assumption on the smoothness of f(t), we get (12).
Using relation (12), and notice that the initial value (5), we obtain
(s+ λ)γ û(x, s) = κγ ûxx(x, s), x ∈ Ωe, Re(s) > 0 (18)
û→ 0, as |x| → ∞. (19)
Using the boundary conditions (19), the solutions of differential equation (18) gives
û(x, s) = c1(s)e
−
(s+λ)γ/2√
κγ
x
, x ∈ Ωr, (20)
û(x, s) = c2(s)e
(s+λ)γ/2√
κγ
x
, x ∈ Ωl. (21)
Differentiating equations (20) and (21) with respect to variable x, we have
ûx(x, s) = −(s+ λ)
γ/2
√
κγ
û(x, s), x ∈ Ωr, (22)
ûx(x, s) =
(s + λ)γ/2√
κγ
û(x, s), x ∈ Ωl. (23)
3
Remembering the Laplace transform formula (14) and taking the inverse Laplace transform to
(22)-(23) , give as
ux(x, t) = − 1√
κγ
e−λγ
Γ(1− γ2 )
∫ t
0
eλγuτ (x, τ)
(t− τ)γ2
dτ, x = xr, (24)
ux(x, t) =
1√
κγ
e−λγ
Γ(1− γ2 )
∫ t
0
eλγuτ (x, τ)
(t− τ)γ2
dτ, x = xl. (25)
which are equivalent to
ux(x, t) = − 1√
κγ
C
0D
γ
2
,λ
t u(x, t), x = xr, (26)
ux(x, t) =
1√
κγ
C
0D
γ
2
,λ
t u(x, t), x = xl. (27)
where we used the Laplace transform of the Caputo fractional derivative (14) and the initial value
condition (5). If take (24)-(25) as artificial boundary conditions, then the previous problem (4)-
(8) on unbounded domain is reduced to the following initial-boundary value problem on bounded
domain
∂u(x, t)
∂t
= κγ 0D
1−γ,λ
t
(
uxx
)− λu(x, t), x ∈ Ωin, t > 0, (28)
u(x, 0) = u0(x), x ∈ Ωi, (29)
ux(x, t) =
1√
κγ
C
0 D
γ
2
,λ
t u(x, t), x = xl, (30)
ux(x, t) = − 1√
κγ
C
0 D
γ
2
,λ
t u(x, t), x = xr. (31)
3 Stability analysis of the reduced problems
Next we consider the stability analysis of the reduced problem (28)-(31). The main tool is the
Kreoss theory [13]. Firstly, we introduce the notations of the inner product, the classic L2 norm
given by
(u, v) =
∫
Ωi
u(x)v(x)dx, ‖u‖2L2(Ωi) = ‖u‖2 = (u, u).
Lemma 2 ([20]) (Parseval relation)Suppose that u(t), v(t) is well defined on [0,+∞), then for
s0 > 0 we have ∫ +∞
−∞
uˆ(s0 + iζ)vˆ(s0 − iζ)dζ = 2pi
∫ +∞
0
e−2s0tu(t)v(t)dt, i2 = −1. (32)
Lemma 3 ([20]) Suppose that v(t) is well defined on [0,∞), then for s0 > 0 we have∫ +∞
0
e−2s0t
dv(t)
dt
v(t)dt ≤ 0. (33)
then ∫ +∞
0
e−2s0tv2(t)dt ≤ 1
2s0
v2(0). (34)
Theorem 1 The initial-boundary value problem (28)-(31) holds the prior estimate
‖u‖2L2(H2,s) ≤
1
2s0
‖u0(x)‖2, (35)
where ‖u‖L2(H2,s) =
∫ +∞
0 ‖u(·, t)‖2e−2s0tdt.
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Proof. Applying the Laplace transform to (28)-(31), we have
∂û(x, s)
∂t
= κγ(s+ λ)
1−γ ûxx(x, s)− λû(x, s), x ∈ Ωin, (36)
u(x, 0) = u0(x), x ∈ Ωi, (37)
ûx(xl, s) =
(s+ λ)γ/2√
κγ
û(xl, s), (38)
ûx(xr, s) = −(s+ λ)
γ/2
√
κγ
û(xr, s), (39)
where ∂û(x,s)∂t := sû(x, s)− u0(x). Multiplying equation (36) by û(x, s) and integrate on Ωin, we
obtain (
∂û
∂t
, û
)
= κγ(s+ λ)
1−γ
(
ûxx(x, s), u˜(x, s)
) − λ(û, û). (40)
By integrating (40) by parts we get(
∂û
∂t
, û
)
= −κγ(s+ λ)1−γ‖ûx‖2 − κγ(s+ λ)1−γ ûx(x, s)û(x, s)
∣∣xr
xl
− λ‖u˜‖2. (41)
In view of the boundary conditions (39), we have(
∂û
∂t
, û
)
=− κγ(s + λ)1−γ‖ûx‖2 − λ‖u˜‖2
−√κγ(s+ λ)1−
γ
2
[|û(xl, s)|2 + |û(xr, s)|2]. (42)
Hence, we have
Re
((
∂û
∂t
, û
))
=− κγRe
(
(s + λ)1−γ
)‖ûx‖2 − λRe(‖u˜‖2) (43)
−√κγRe
(
(s+ λ)1−
γ
2
)[|û(xl, s)|2 + |û(xr, s)|2]. (44)
Using the fact arg(s0 + λ+ iζ) ∈ (−pi/2, pi/2] for s0 + λ > 0, we have
(s0 + λ+ iζ)
β =
(|(s0 + λ+ iζ)|ei arg(s0+λ+iζ))β (45)
=
(
(s0 + λ)
2 + (ζ)2
)β
2 eβi arg((s0+λ+iζ)). (46)
which means Re((s+ λ)β) = |(s+ λ)|β cos(β arg((s+ λ))) > 0, for β = 1− γor 1− γ2 , γ ∈ (0, 1).
Above inequality implies Re
(
(s+λ)1−γ
)
> 0 and Re
(
(s+λ)1−
γ
2
)
> 0, and hence Re
((
∂û
∂t , û
)) ≤
0. Paseval’s relation (32) then leads∫ +∞
−∞
(
∂û
∂t
, û
)
(s0 + iζ)dζ =
∫
Ωi
∫ +∞
−∞
∂û
∂t
(s0 + iζ)û(s0 + iζ)dζdx
=2pi
∫
Ωi
∫ +∞
0
e−2s0t
∂u
∂t
u(t)dtdx. (47)
Furthermore, using Lemma 3, we have∫
Ωi
∫ +∞
0
e−2s0t
∂u
∂t
u(x, t)dtdx ≤ 1
2s0
∫
Ωi
u20(x)dx, (48)
which is the desired inequality (35).
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The model (1) can be rewritten as
∂eλtu(x, t)
∂t
= κγ 0D
1−γ
t
(
eλtuxx
)
. (49)
Performing Riemann-Liouville fractional integral operator 0D
γ−1
t on both side of (49), using
the composite properties fractional derivative and integral [17], we arrive at
C
0 D
γ
t
(
eλtu(x, t)
)
= κγe
λtuxx, (50)
or, equivalently,
C
0 D
γ,λ
t (u(x, t)) = κγuxx, (51)
Hence, the reduced problem (28)-(31) equivalents to the following initial-boundary value problem
C
0 D
γ
t
(
eλtu(x, t)
)
= κγ
(
eλtu(x, t)
)
xx
, x ∈ Ωi, t > 0, (52)
u(x, 0) = u0(x), x ∈ Ωi, (53)(
eλtu(x, t)
)
x
=
1√
κγ
C
0 D
γ
2
t
(
eλtu(x, t)
)
, x = xl, (54)
(
eλtu(x, t)
)
x
= − 1√
κγ
C
0 D
γ
2
t
(
eλtu(x, t)
)
, x = xr. (55)
For the initial-boundary value problem (52)-(55), we have the long-time stability.
Theorem 2 The solution u(x, t) of the initial-boundary value problem (52)-(55) holds the prior
estimate
‖u(x, t)‖2 + 2κγ 0D−γ,2λt ‖ux(x, t)‖2 ≤ e−2λt‖u0(x)‖2. (56)
where 0D
−γ,2λ
t denotes the Riemann-Liouville integral operator given in (16).
Proof. Taking v(x, t) = eλtu(x, t), form (52)-(55), we have
C
0 D
γ
t v(x, t) = κγvxx(x, t), x ∈ Ωi, t > 0, (57)
u(x, 0) = u0(x), x ∈ Ωi, (58)
vx(x, t) =
1√
κγ
C
0 D
γ
2
t v(x, t), x = xl, (59)
vx(x, t) = − 1√
κγ
C
0 D
γ
2
t v(x, t), x = xr. (60)
We multiply equation (57) by v(x, t) and integrate on Ωin, we get(
C
0 D
γ
t v, v
)
= −κγ‖vx‖2 + κγvx(x, t)v(x, t)
∣∣xr
xl
. (61)
In view of the boundary conditions (59)-(60), we have
(
C
0 D
γ
t v, v
)
= −κγ‖vx‖2 −√κγ
[
v(xr, t)
C
0 D
γ
2
t v(xr, t) + v(xl, t)
C
0 D
γ
2
t v(xl, t)
]
. (62)
With help of the inequality [1]
w(t)C0 D
α
t w(t) ≥
1
2
C
0 D
α
t (w
2(t)), 0 < α < 1, (63)
and the fact
C
0 D
γ
2
t
[
v2(xr, t) + v
2(xl, t)
] ≥ 0,
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we get
C
0 D
γ
t ‖v‖2 + 2κγ‖vx‖2 ≤ 0. (64)
By applying the fractional integral operator 0D
−γ
t to both sides of inequality (64), using the
fact [14]
0D
−γ
t 0D
γ
t (w(t)) = w(t)− w(0),
we obtain the estimate
‖v‖2 + 2κγ C0 D
−γ
t ‖vx‖2 ≤ ‖v0(x)‖2. (65)
Taking u(x, t) = e−λtv(x, t) we get the estimate (56).
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